Matematicka
Morfologia



Matematicka morfologia

n yopon = forma, tvar
0 Aoyoc¢ (Ta Aoyia) = slovo (slova)

Morfologia = studium formy a struktury (zvierata,
rastliny)

Matematicka morfologia = nastroj na popis
komponentov obrazu, tvaru, struktury
Zaklad — tedria mnozin



Pouzitie

predspracovanie

filtrovanie sumu, zjednodusenie tvaroy, ...

segmentacia
watershed, hrany, obrys, ...
popis Struktury objektov
kostra, konvexny obal, ...
kvantitativny popis
analyza tvaru (area, perimeter, ...),
granulometria, suvislé oblasti ...



Zakladné definicie

L

e Prvok mnoziny X eA

e Prvok nepatriaci mnozine XA

e Prazdna mnozina — neobsahuje ziadny prvok &

e Disjunktné mnoziny, ak AnB=J

e Podmnozina AcBoe XeA=xeB)

Zjednotenie
AuB={|xeAvxeB}

Prienik
ANnB={x|xeAArxeB}

w



A9 Mnozinové operécie

Komplement Rozdiel
At ={x|x ¢ A} A-B=ANnB={|xeAAXx¢g B}

Zrkadlenie Posunutie
A={x|x=-a vacA} A =A+z={X|x=a+z Vaeh}

&

L




Morfologickeé operacie

Vztah:
obraz (mnozina) — Strukturalny prvok

Vysledok:
Zmena, zmensenie, zvacsenie mnoziny



Binarna morfologia




Strukturalny prvok

X — pocCiatok sur. sustavy (0,0)
referencny bod



Strukturalny prvok

tvar

velkost

orientacia

pozicia vzhlfadom k X

Zavisia od aplikacie, ovplyvnuju vysledok

SP je (zvy&ajne) ovela mensi ako obraz



Dilatacia

Minkowského sucet @

ADB = UAb
beB
A®B=|J{a+b|ac A}
beB

-{a+blac A beB]|
A®B={x|B, Az

Expanzivna operacia — zvacsuje mnozinu




ADB = e
bLEJBAb Dilatacia

B -
b, b,
0,0), (1.0)

(0,4), (0,3), (1,2), (2,2), (1,1), (1,0)



ADB = e
bLEJBAb Dilatacia

(0,4), (0,3), (1,2), (2,2), (1,1), (1,0)

ok
B
B -
b, b,
0,0), (1.0), (0,1)




A®B=|JA

beB

Dilatacia

X

X

(1,0), (1,1), (1,2), (1,3), (1,4)

b, b,
(-1,0), (1,0)



Dilatacia




acia

t

a

D

3, origin at the cente




Vliastnosti dilatacie

ADB=B@A
A®(B®C)=(A®B)®C

Ach=(A®B)c(A ®B)
A®(BUC)=(A®B)U(A®C)



Erdzia
Minkowského rozdiel &
AoB=[] A,

beB

ASB=(){a-blac A}

beB

ASB=1{x|B, c A}

Kontraktivha operacia — zmensuje mnozinu



ACB={x|B, c A}
Erozia

HEEEE EEETEER
EEEERNEEN
| PIX EEEETEE SE= .

| PIX

L DA PR |
BN EEESSSNEEN
HEEN S EEEENTEEN
EREENETEEEETEN
EEEEEETEEETYEEN
ENEEEEEEEETEEN
EEEEEEEEEETEEN
EEEEEEEEEEEEEN
EEEEEEEEEEEEEE




ASB=1{x|B, c A}
Erozia
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Erozia
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H, 5x3, origin
at the center

gin at the center

<3, orig




Vliastnosti erozie

ASOB##BGA

AlcA, = (AL ©B)c (A, ©B)
B,cB,=(ABSB) 2 (AG B,
ASCBUC)=(ACB)N(ACC)
(ASB)OC=AS (B®C)

(AOB)®BCcAC(A®B)O B



Priklad pouzitia

El - )

Prahovanie 1 spojity utvar

S HE

22 spojitych
utvarov

Erdzia




Erdzia

\TES'F TEST S

1MAG€1MAGE\MAGE

Original Erodovany 1x Erodovany 2x




Opakovanie
dilatacia
Zvacsuje mnozinu
Vypifia diery, zalivy urditej velkosti a tvaru
erozia
Zmensuje mnozinu
Odstranuje struktury urcitej velkosti a tvaru

Mobze rozdelit mnozinu

— v zavislosti na strukturalnom prvku

Interaktivne na http://dip.sccg.sk/



Otvorenie

AoB=(AOB)®B
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)
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Vlastnosti otvorenia

AoBcC A
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Otvorenie

AoB=(AOB)®B
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AoB=(AOB)®B

Otvorenie B
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Otvorenie

(FeH )2 H

@ H, 3x3, origin at the center



Otvorenie

AoB=J{B,|B, c A]

posuvame B po vnutornej strane hranice A

AOB ©B AoB



Uzavretie

AeB=(A®B)OB




Vlastnosti uzavretia




A*B=(A®B)JOB |Jzavretie ®
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A*B=(A®B)JOB |Jzavretie ®
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Uzavretie

@ H, 3x3, origin at the center

(F& H)aH




Uzavretie
AeB={w|weB B nA%J]

posuvame B po vonkajsej strane hranice A

ADB ©B AeB



Otvorenie - Uzavretie




Otvorenie - Uzavretie

-JHE ' THE
TEST' ° TEST
IMAGE  IMAGE
THE  THE

TEST - TEST

IMAGE  IMAGE



Dualita




((A-B)®B)©SB=

4. erozia
(AoB)eB

N AOB
(AoB)®B

Aplikacia
filtrovanie Sumu




Opakovanie

otvorenie uzavretie

erdzia + dilatacia dilatacia + erozia
» vyhladzuje kontlry « vyhladzuje kontury
« prerusuje tenké spojenia « spaja blizke oblasti
« maze tenké vycnelky « vyplna malé diery a

tenke zalivy

Zachovavaju (pribliznu) velkost mnoziny



Detekcia tvarov

Otvorenie pouzitim daneho strukturalneho prvku

Priklad 1: detekcia kruhov, Ciar
J\\t

» & L

’.‘_




Detekcia tvarov
Priklad 2:

detekcia jednotlivych prvkov plosneho spoja
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Text

objects in the real
hject models. This 1
cognition effortlessl
ask for implement.:
'r we will discuss d
echniques that haw
We will discuss difl




Granulometria

L JIC

Otvorenie — kruh s priemerom 10, 15 a 25



Granulometria

Otvorenie so zvacsujucim sa SE:

o0y 4's3, o9y o 'x8, o0y o's3, oay o '\8,
$ as o A
& o &

Distribucia velkosti granul ==




vstup: . e
Stvorce velkosti erozia. dilatacia:
1x1, 3x3, 5x5, 7x7, o 13x13 SP 13x13
9x9 a 15x15 pixlov




Hit-and-Miss

detektor tvarov

A®B=(AS B;)n(A®©S B,),
B.nB,=4,B;,uB,=B

A®B =(ASB,)-

”template matching”

ol 8 §




B,UB,

A=XUY UZ

(ASB4)N(A“SB,)

A®X




Hit-and-Miss




Hit-and-Miss




Hit-and-Miss

o




Hit-and-Miss

koncove body B, c H ?

(a) Input image (b) SEs for 4-connected  (c) Endpoints of input image
endpoints

izolované body




Hit-and-Miss

Detekcia rohov BN
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Konvexneé rohy



Opakovanie

@ dilatacia .
o otvorenie
A@B:}EJBAD AoB=(A©B)®B
O erdzia e Uzavretie
AcB=[]A, AeB=(ADB)OB
beB

® hit-and-miss

A®B =(ASB,)~(A°OB,)



Rekurzivna erozia

: (F if 1=0

\(Fie_lK)e K if i=1

Postupna aplikacia K — mnozina sa zmensuje....
az zmizne

(AOGB)©C=A0 (B®C)

erbzia — zvadsujuci sa SP rovnakého“ tvaru






Rekurzivna erozia




Ultimativna erozia

Ultimate Erosion (UE) =
Rekurzivna erozia
Zachovame objekty tesne pred zmiznutim




Rekurzivna dilatacia

: = if i=0
FP K =<

1—1
(FOK)DK if i=1

(A®@B)®C=A®(B@C)

dilatacia — zvacésujuci sa SP ,rovnakého® tvaru



Geodetické transformacie

geodeticka vzdielenost
dy(X,y)

geodeticka (podmienena)
dilatacia
erozia

Y®|, B=(Y®B)~ X
Yo, B=(YE&B)n X
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Podmienena dilatacia

ponents or broken connection paths. There is no poir
tion past the level of detail required to identify those
Segmentation of nontrivial images is one of the mos
processing. Segmentation accuracy determines the ev
of computerized analysis procedures. For this reason,
be taken to improve the probability of rugged segment
such as industrial inspection applications, at least some
the environment is possible at times. The experienced
designer invariably pays considerable attention to suc

p th Th p
g dt d tf th
fth

allls
= @

with the same structuring element, shown for
reconstruction.




Geodeticky vplyv

Geodesic Influence (Gl) =
Rekurzivna podmienena dilatacia

— rozdeli mnozinu ,-ZA (BJ

Zony vplyvu (influence zones) zarodok

iz,(B;)= {p e AVi-id,(p, B)< dA(p’ B, )}

Voronoiov diagram



UE a Gi

UE: rozdeli region, zachova
zarodky

Gl: zo zarodkov
rekonstruuje objekt

seed group

~N N

stepl: RE (Recursive Erosion)

influence

~—~N

step2: GI (Geodesic Influence)




E 6
(c)seed(FSnum)

num=6

(pterritory®d




Distance Transform

Operator aplikovany na binarne obrazy




Distance Transform

Rekurzivna erozia — kym utvar nezmizne
Vzdialenost — Cislo iteracie pri zmiznuti bodu

Vhodné SP:
stvorcovy — chessboard
krizovy — city block
kruhovy — Euklidovska



Distance Transform

4




Hladanie hranice

dilatacia — erozia
Algoritmy:
Standard:  Edge, (F) = (F ®K) - (FO K)
Externe: Edge. (F)=(F®K)-F

Interne: Edge, (F) =F — (FO K)



Hladanie hranice
./

Edge, (F) O
@ (O™

Edge, (F)




Hfadanie hranice

Edge, (F)




Hfadanie hranice




Hladanie hranice

B(A)= A—(AeB)

£ 2 1

8-suvisla hranica 4-sqvisla hranica



Opakovanie

otvorenie uzavretie

erdzia + dilatacia dilatacia + erozia
» vyhladzuje kontlry « vyhladzuje kontury
« prerusuje tenké spojenia « spaja blizke oblasti
« maze tenké vycnelky « vyplna malé diery a

tenke zalivy

Zachovavaju (pribliznu) velkost mnoziny



Opakovanie

@ dilatacia .
o otvorenie
A@B:gfb AoB=(A©B)®B
O erdzia e Uzavretie
AoB=[)A, AeB=(A®B)OB
beB

® hit-and-miss

A®B =(ASB,)~(A°OB,)



UE a Gi

Ultimativna erozia (UE):
rozdeli region, zachova
zarodky

Geodesic Influence (GI)

Rekurzivna podmienena

dilatacia

. zo zarodkov rekonstruuje
objekt

step2: GI (Geodesic Influence)




Hladanie hranice

dilatacia — erozia
Algoritmy:
Standard:  Edge, (F) = (F ®K) - (FO K)
Externe: Edge. (F)=(F®K)-F

Interne: Edge, (F) =F — (FO K)



Sedoténova morfologia




Obraz

X = { (afx(@)) | ae EM?, fy(a) e R U {w} U {-o0} }
= n-dim graf

Nosi¢ (support): supp(X) ={ac E"!, f(a)e R}
mimo: « alebo - «

Pre nas n=3



Obraz

Binarny obraz

f(x) = konstanta Mnozinové operacie
Sedotonovy obraz min/max

f(x) — Urovne intenzity sup/inf
XcY:

supp(X) = supp(Y)
fy(a) < fy(a) pre ae supp(X)



obraz 3D reprezentacia



Obraz




Dilatacia

(f ®h)(x,y) =max {f (x—r,y—s)+h(rs)}

(r,s)eH

(f ®h)(X) = maxif (x—r)+h(r)}

H(x) - "structuring functions"



Dilatacia




Dilatacia

Zjasnuje obrazok — zvysuje intenzitu



Erdzia

(fehxy)=minif(x+r,y+s)-h(rs)]

(r,s)eH

(fenX) =min {f (x+r)=h(r)}







Erozia

Ztmavuje obrazok — znizuje intenzitu



DE zhrnutie _

D' o/ e o2
JasnejSi obrazok '!" D/
Redukuje (odstrariuje)

tmavé detaily

E:
Tmavsi obrazok

Redukuje (odstranuje)
svetle detaily




Otvorenie

AoB =(AOB)®B



Otvorenie




Uzavretie

AeB=(A®B)OB



Uzavretie




AoB=(A©B)®B QI AeB=(A®B)OB

SIWIERIE:




Zhrnutie

SAahdes
w/vw/v




O odstranUJe malé svetle objekty
odstranuje sum

U: spaja svetlé objekty |
redukuje malé tmaveé
oblasti




Priklad pouzitia

(AoB)eB — filtracia obrazu



Morfologicky gradient

Sedotonové obrazy
grad(F):%(A@ 3)—(AOB)

tiez externy a interny gradient



Morfologicky gradient




Morfologicky gradient




Morfologicke vyhladzovanie

(AoB)eB




Top-hat transformacia

Nastroj na segmentaciu —
vyber svetlych (tmavych) objektov
z nekonstantného pozadia

White Top-hat Transform (WTT):
A — (AoB)

Black Top-hat Transform (BTT):
(AeB) — A



Y DWW




Top-hat

tophat + otvorenie = original






ZlepsSenie kontrastu

(A+WTT) - BTT




White top hat

StructuringElement size 3 x 3



White top hat

StructuringElement size 3 x 3



Black top hat

COLOR2GRAY

StructuringElement size 3 x 3
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Aplikacia: hfadanie ranveji

WTT"'

Najd dlhe Rekonstrukcia | Vyledok
objekty



Aplikacia 2: hfadanie filarialnych cervov

rod. LJ' Bt
- Rl L ’?
oo GRS TR e o L8
N TR M N
\Y’q - ) 3 - K
®. N e & | &,
o\";‘ '{.'i\q}'r :}
BTT Odstranenie sumu
f&
Faa N g P2
7 : ¥,
Kostra Zmazanie Rekonstrukcia

kratkych objektov



http://www.mmorph.com/html/fig/img_mmdfila1.jpg
http://www.mmorph.com/html/fig/img_mmdfila2.jpg
http://www.mmorph.com/html/fig/img_mmdfila4.jpg
http://www.mmorph.com/html/fig/img_mmdfila5.jpg
http://www.mmorph.com/html/fig/img_mmdfila6.jpg
http://www.mmorph.com/html/fig/img_mmdfila7.jpg
http://www.mmorph.com/html/fig/img_mmdfila8.jpg
http://www.mmorph.com/html/fig/img_mmdfila9.jpg

Vypl#anie oblasti

x=X, vhutorny startovaci bod

X, =(X,_,®B)"NA" k=123,..

kym Xk=Xk-1

Vyplnena oblast AUX,

Podmienena dilatacia



=1 B: SP - zavisi od susednosti

X, X, X, X, UA



Rekonstrukcia




Vyber spojitych Casti

Y - spojity komponent v mnozine A
Pociatocny bod X,eY

X, =(X_,®B)nAk=123,.

Xk=Xk-1 9 Y=Xk

B: SP - zavisi od susednosti



Vyber spojenych casti

B: SP - zavisi od susednosti
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Zuzovanie

Pouzitie HMT
AoB=A-(A®B)

Sekvencné zuzovanie

(A BY)OB?)..0B"

{B1,B-,...,.B"}
Golayova abeceda=typ L, E, M, D, C



L




Rozsirovanie

A®B=AU(A®B)




Skeleton — kostra

Kostra — redukcia bodov objektu

A
r
b o

Zachovava topologiu

Stredy vpisanych kruhov
> 2 dotykove body

Problém? “




Kostra




Kostra

Podmnozina kostry:

S(F)=(F ©&'B)-((F©'B)-B), i=1,...n
n — posledna iteracia ( S, ,,(F)=Y )
B kruhovy SP

Kostra:

S(F) = UsS, (F)




Kostra

Rekonstrukcia: ak pozname S;(F), SP B a n:




stra

Ko




Kostra - iné algoritmy

Postupné zuzovanie

Zachovavame koncove body a spojnice
Distance Transform

g v




Konvexny obal

Konvexna mnozina
X,,X,€R = XX, c R

Konvexny obal (Convex Hull) mnoziny R
Najmensia konvexna nadmnozina R




Pruning

Orezavanie — odstranuje vycnelky

4 kroky X |
Bl BN
X,=A o {B% X ]
« SSK(X 84 ﬁ + otoGenie o0 90°
2= [ © B5 N
X,= (X, ® H) N A HEE

X4= XU X3 H




FIGURE 9.25

(a) Original
image. (b) and

(c) Structuring
elements used for
deleting end
points. (d) Result
of three cycles of
thinning. (¢) End
points of (d).

(1) Dilation of end
points
conditioned on
(a). (g) Pruned
image.

B'. B*. B, B* (rotated 90°)

B, B% B’, B (rotated 907)




Watershed transformacia




Zhrnutie



Operation

Equation

Comments
{The Roman numerals refer to the

structuring elements shown in
Fig. 9.26).

Translation
Reflection
Complement
[Difference
[Dilation
Erosion

Opening

Closing

A), ={w|w=a + z, forac A}

-~

B ={w|w = —-b. lorbec B}

A = {w|weg A}

A— B={w|lwe A, w¢ B}
= AN B*

ATRB = {::'H.é]l NA+# o}

ASB = {z|(B), C A}

AB=(ACB)DB

Translates the origin

of A to point z.

Reflects all elements
of B about the origin
of this set.

Set of points not in A.

Set of points that belong
lo A but not to B.

“Expands”™ the boundary
of A. (I)

“Contracts”™ the boundary
of A. (I)

Smoothes contours,
breaks narrow isthmuses,
and eliminates small
islands and sharp
peaks. (1)

Smoothes contours, fuses
narrow breaks and long
thin gulfs, and eliminates
small holes. (1)




Hit-or-miss o The set of points
transform (coordinates) at which,
simultaneously, B, found
a match (“hit™) in A and
B, found a match in A"
Boundary Set of points on the
extraction boundary of
set A ()
Region filling X, = (X, ,©B) N A% X, = p and Fills a region in A, given a
k=123 ... point p in the region. (11)

Connected X, = (X, \PB)N A X, = pand Finds a connected
components &k = 1,2.3, ... component ¥ in A, given
apomnt pin Y. (1)
Convex hull  Xi = (X, ® BYU A;i = 1.2,3.4;  Finds the convex hull C(A)
2.3, X = A and of set A, where “conv™
= X! indicates convergence

cony.
in the sense that

Xi = XL . (11




Comments
(The Roman numerals refer to the
structuring elements shown in
Operation Equation Fig. 9.26).

Thinning Thins set A. The first two
equations give the basic
definition of thinning.
The last two equations
denote thinning by a
sequence of structuring
elements. This method
is normally used in
practice. (IV)

Thickening O] Thickens set A. (See
preceding comments on
sequences of structuring
elements.) Uses I'V with
(s and 17s reversed.




Skeletons S(A) = | LS(A)
k=10

K
Su(4) = UU(A©kB)
~ [(A©kB) - B}
Reconstruction of A:

K

A= |_J(Si(A) @ kB)

Pruning A ®{B}

B

U(X| CBA}'

k=1
(X, DH)M A
_X| . X_:,

Finds the skeleton S(A) of
set A. The last equation
indicates that A can be
reconstructed from its
skeleton subsets S,.( A).
[n all three equations, K 18
the value of the iterative
step after which the set A
erodes to the empty set.
The notation (A S kB)
denotes the kth iteration
of successive erosion of
A by B.(I)

X, 1s the result of pruning
set A. The number of
times that the first
equation is applied to
obtain X}, must be
specified. Structuring
elements V are used for
the first two equations.
[n the third equation H
denotes structuring
element 1.
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(rotate 90°)

Bi=1.2134
(rotate 907)
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i=1,2,....8
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T (rotate 45°)
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(rotate 907)
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FIGURE 9.26 Five basic tyvpes of structuring e

origin of each element is at its center and the x

lements used for binary morphology. The
s indicate “don’t care”™ values.




