Transformacie obrazu

Gonzales, Woods: Digital Image Processing

kapitola: Image transforms



Fourierova transformacia

® Jean Baptiste Joseph Fourier
(1768-1830)

m Akakol'vek funkcia f(x) moze byt vyjadrena ako

vazeny sucet sinusov a kosinusov



Suma sinusov a kosinusov

m A sin(wx+y)

................................................

...........

f(target)=

f+f +f ..+f+.. :
1 2 3 n DI



Time and Frequency

m example : g(t) = sin(2zf t) + (1/3)sin(27z(3f) t)




Time and Frequency

m example : g(t) = sin(2zf t) + (1/3)sin(27z(3f) t)




Frequency Spectra

m example : g(t) = sin(2zf t) + (1/3)sin(27z(3f) t)




Frequency Spectra
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Frequency Spectra

AZ%sin(Zﬂkt)
k=1




Frequency Spectra




FT: Just a change of basis

M* fx) = He)




IFT: Just a change of basis

M Flw) = fix)
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period, A
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phase shift, ¢

1/X is the frequency of the sinusoid (Hz).
27/ A is the angular frequency (radians/s).




Fourierova transformacia

Ak f(x) je spojita funkcia s realnou premenou X,
potom Fourierovou transtormaciou F(x) je

P — 0
Fu) = / flx)(cos 2mux — isin 27ux)dx.
o O

Inverznou Fourierovou transformaciot nazyvame

par Fourierove;
transformacie



Fourier Transform

f (X ) Fourier F (ll )

Transform

Pre kazdé # od 0 po inf, F(u) obsahuje amplitudu A

and fazu ¢ odpovedajuceho sinusu

[(u) = R(u) + il (u).

Inverse Fourier
F (ll) Transform




Definitions

F(u) su komplexne cisla:

Flu) = R(u) +il(u).

(u) = r(sinf + icosl) = re”

il amisnicen, B (g chatma) F ()| =R () + P ()]

Fazovy uhol FT:

Reprezentacia pomocou magnitudy a fazy:

Power of f(x): P(u)=|F(u) |*= LSO ED)

F(u)= ‘F {:H:]‘ e
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Figure 4: A simple function and 1ts Fourier spectrum.

F(u) = igm(j,m}{ Yol [T —jc periodicka s periédou
" N, to znamena, ze na jej

sin(muX) urcenie staci jedna peridoda vo

(muX) | frekvencnej oblasti.

F(u)| = AX




2D Fourierova transformacia

m Fourierova transtormact je 'ahko rozsiritel'na do

2D

400 400

F(u.v)= J J f(x.v) E}ip[— i27(ux +wvy i}](fl‘ dvy

—00 —00

f(x,y)= J JF (u.v)expli 2z (ux +vv)|dudv .

—_— -




Fourier Basis
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Priklad 2D funkcie

IF(u, v

: ,—imX : ,—imY
F(zr,v)AXY{Sm(m{X)ﬁ' }{ sm(zvY)e }

(muX) (nvY)

|F(z.f_,v)| = AXY

sin(muX)|[sin(zvY)
(muX) || (nv)Y)



“horizontal” is the
wavefront direction.

fftshifted

highest-possible-frequency horizontal sinusoid




“vertical" is the
wavefront direction.

fftshifted

highest-possible-frequency vertical sinusoid




a checker-board
paftern.

fftshifted

R

»l
A |

highest-possible-freq horizontal+vertical sinusoid (R & C even)




“horizontal” is the
wavefront direction.

fftshifted

lowest-possible-frequency horizontal sinusoid




“vertical” is the
wavefront direction.

fftshifted

lowest-possible-frequency vertical sinusoid




“negative diagonal” is
the wavefront direction.

fftshifted

lowest-possible-frequency negative diagonal sinusoid




v = # of complete
cycles 1n the
vertical direction

e A e

512 columns

frequencies:

(21,v) = (0,2);

wavelength: A = 192

384 rows




frequencies: (u,v) = (4,3); wavelengths: (A

u2

L) = (128,128)




Sinusoidové vzory sa zobrazia vo
frekvencnom spektre ako body.

|

Figure 2: Images with perfectly sinusoidal variations in brightness: The first three
unages are represented by two dots. You can easily see that the position and
orientation of those dots have something to do with what the original image looks
like. The 4th 1mage is the sum of the first three.

(Taken from p.177 of [1].)




Figure 1: Images in the spatial domain are in the middle row, and their frequency
space are shown on the top row. The bottom row shows the varying brightness of
the horizontal line through the center of an image.

(Taken from p.178 of [1].)

m Nizke frekvencie su pri strede a vysoké na
okrajoch



Figure 3: (a) Our dirty looking photocopied image. (b) The representation of our
image in the frequency space, 1.e. the star diagram. Look. you can see stars! (c)
Those stars, however, do no good to the image, so we rub them out. (d) Recon-
struct the image using (c) and those dirty spots on the original image are gone!
(Images taken from p.204 of [1].)
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Sampling Theorem

Continuous signal: I f(x)

o~

Shah function (Impulse train):

_____ 1




Sampling




Sampling and the Nyquist rate

m Pri vzorkovani spojitej funkcie moze vzniknut’
aliasing ak vzorkovacia frekvencia nie je dostatocne

vysoka

m Vzorkovacia frekvencia musi byt taka vysoka aby
zachytila aj tie najvyssie frekvencie obrazu



Sampling and the Nyquist rate

m Predist’ aliasingu:

m Vzorkovacia frekvencia > 2 * max frekvencia v
obraze
m Treba viac ako 2 vzorky na periodu

® Minimalna vzorkovacia frekvencia sa nazyva
Nyquist rate



Diskrétna Fourierova
transformacia

foru=20,1,2,.... N — 1,

fore =0,1,2..... N —



Rozsirenie DFT do 2D

m Predpokladajme ze f(x,y) je M x N.

M-1 N-1

s DT SR MN 5 =

u=0,1,....M—1,v=0,1,...,N—1)

HX vy

# M-1 N-1
m [nverzna DFT: fx) =3 S Fa. 1){3”,1U+Tr

=0 1v=0

(x=0,1,....M—-1,y=0,1,....N—1)




Low-Pass Filtered Inverse Transformed




Vizualizacia DFT

® Vicsinou zobrazujeme |F(u,v) |

®m Dynamicky rozsah |F(u,v)| je obvykle vel'mi vysoky

m Aplikujeme logaritmus: [RCURIESSGIORAVAURYI)

(c je konstanta)

-

original image before scaling after scaling




DFT Properties: (1) Separability

B The 2D DFT can be computed using 1D
transforms only:

Forward DFT: EREURIE

1 : 22 H.".'-l-‘lj‘___:l
f(x,y)=— Z Z F(u,v)e' ™~
Inverse DFT: N =0 v=0

kernel 1s UX+VY

—J27(

separable:

) -2 —jzn<%)

e N =g N"e



DFT Properties: (1) Separability

m Rewrite F(u,v) as follows:




DFT Properties: (1) Separability

® How can we compute F(x,v)?

N x DFT of rows of {(x,y)

B How can we compute F(u,v)?

DFT of cols of F(x,v)




DFT Properties: (1) Separability

(N = 1)




DFT Properties: (2) Periodicity

m The DFT and its inverse are periodic with
period N

Fuv)=Fu+N.v)=Fu,v+N)=Fu+N.v+N)




DFT Properties: (3) Symmetry

 If f(x,y) 1s real, then

(u,v) = F'(—u,—v) = |F(u1. v)| = |F(-ut, =)

f(x,y)realand even < F(u, v)real and even

f(x,y)realand odd <  F(u,v)imaginary and odd




DFT Properties: (4) Translation

f(x,y) === F(u,v)

* Translation is spatial domain:

gty

LT

f(x—x0.V— ) —F(11,7) e’ N

* Translation 1s frequency domain:

S(x. y)elsrtartr) st F(ut =g, vV = V)




DFT Properties: (4) Translation

1] I
L .,.......m*m.........



DFT Properties: (4) Translation

Warning: to show a full period, we need to translate the

origin of the transform at u=N/2 (or at (N/2,N/2) in
A0)




DFT Properties: (4) Translation

Using f(x.y)e/ 0T ) i F (11 — 11,5, )
J N 5 S N

?j m(x+y) — (—l ) X+y

f(x. y)(=1)" <y F(11 — N/2. v— N/2)



DFT Properties: (4) Translation

f(x.y)(=1)"" < F(3y — N/2, v— N/2)

= " 7 | - -
no translation after translation



DFT Properties: (5) Rotation

m Otocenim f(x,y) o uhol 6, sa otoci F(u,v) o ten

isty uhol 6

/ —_—




DFT Properties: (6)
Addition/Multiplication

Ff(x.y)+ gl =F [f(x. 0] F g, )]

but ...




DFT Properties: (7) Scale

af (x,y) <= aqlF (1, V)




DFT Properties: (8) Average

value

Average:

] N-1N-1

F(u,v) at u=0, v=0: AU IPIRPIWACD

C o ox=0 yv=0

Sl /(x.)) =+ F(0.0)




Magnitude and Phase of DFT

®m What is more important?

magnitude phase

m Hint: use inverse DFT to reconstruct the image using
magnitude or phase only information



Magnitude and Phase of DFT

Reconstructed image using
magnitude only
(1.e., magnitude determines the

contribution of each component!)

Reconstructed image using
phase only
(i.e., phase determines

which components are present!)




Magnitude and Phase of DFT

abc
de f

FIGURE 4.27 (a) Woman. (b) Phase angle. (¢) Woman reconstructed using only the
phase angle. (d) Woman reconstructed using only the spectrum. (e) Reconstruction
using the phase angle corresponding to the woman and the spectrum corresponding to
the rectangle in Fig. 4.24(a). (f) Reconstruction using the phase of the rectangle and the
spectrum of the woman.




Vypoctova narocnost’ DFT

discrete Fourier transform — DFT

o, f1 -+ » fnq s — vstupné body

{F,, Fy, ..., Fnoi b — vysledok Fourierovej transformacie
Vypocet pomocou 2 cyklov — > zlozitost” O(IN?)

Snaha zredukovat’ na O(Nlog,N) — > FFT






Suma vo vnutornych zatvorkach je rovnaka pre

n=0, 2,4, 6 a pre n=1, 3,5, 7
Takze mame 4 (zatvorky) x 2 suctov na najnizsej arovni
Kedze n=1, 3, 5, 7 zodpoveda polovici periddy I a plati

dostaneme 1 pre n=0,2,4,6 a
-1 pren=1,3,5,7




V hranatych zatvorkach je peridda exponentu n=4
—>n=0,4;, n=1,5 n=2,6 a n=3,7.

Pre n=0, 4 factor je 1
pre n=2, 6 je to -1;
pre n=1, 5 je -i

a pre n=3, 7 je 1.

TakZe mame 2 (zatvorky) x 4 suctov na strednej urovni



Na najvyssej urovni mame 1 sumu a periddu exponentu n=3

— > 1 x 8 suctov
Polovicu z nich mézeme vypocitat’ iba zmenou znamienka

Na kazdej urovni urobime 8 operacii (n) _—
Mame 3 = log 8 urovne (log n) (nlogn)



FFT - algoritmus

Vo J1> Jos S Jas Joo Joo J73 > o S Jos Joo o Soo Soo S 3

Prepare input data for summation — put them into convenient order;
For every summation level:
For every exponent factor of the half-period:
Calculate factor;
For every sum of this factor:
Calculate product of the factor and the second term of the sum;
Calculate sum;



Poradie koeficientov pre FFT

~N & o A NN = O
= @
o =
o =
o =
o =
= e
~ LW U1 =, N R~ O



Priklad pre N=16

1 signal of

16 poins |0123456?39191112131415|

/\
lo2468101214 |1 35709 111315|

2 signals of
8 points

J /\
048 12][261014][1 59 13|][371115]

4 signals of
4 points

6 cionsls of / \ /A / /\
yoomts [0 8][a12][210][6 14][1 0] [513][3 11][7 15

Sample numbers Sample numbers
in normal order after bit reversal

Decimal Binary Decimal Binary

Q000 0 0000
0001 B 1000
0010 4 0100
0011 12 1100
0100 2 0010
0101 10 1010
0110 — 6 0100
0111 14 1110
1000 1 0001
1001 0 1001
1010 5 0101
1011 13 1101
1100 3 0011
1101 11 1011
1110 7 0111
1111 15 1111

[
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