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Abstract. This paper consider about quadratic Bézier curves in three-dimensional Minkowski
space. We shall show the conditions for the control points A, C, B of the Bézier curve such that
the Bézier segment is space-like. For the middle control point C', we shall give a geometrical
interpretation of the feasibility condition.
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1. Introduction

We will continue in the spirit of the works [3,4] where the set of admissible points C' is
described for conic sections such as unit circle and ellipse. In this paper, we show the set of
admissible points for parabola. At first, we recall some facts about Minkowski space, more on
this topic can be found in the books [1,2]. Then, we will show how the spatial problem can be
reduce to the planar problem and we solve it for the special case of conic section.

2. Minkowski space, Bézier curves and their properties

Pseudo-euclidean space, denoted by Rg, n,p € Nis an n—dimensional real vector space

with the pseudo-scalar product (Z,7) = > wiy; — Y5, . 2y for T = (z1,...,2,),
¥ = (y1,---,Yn) € R}, This inner product is a non-degenerate, symmetric bilinear form. For

p = 1 we call it Minkowski space.

We call the vector T € R} space-like if (T, T) > 0, time-like if (z,7) < 0 and light-like
if (z,7) = 0. The set of all light-like vectors forms the light cone or isotropic cone (). Although
we consider vector space, we could work also in an affine space with a pseudo-cartesian coor-
dinate system S(O, z1, ..., x,), where the axes x1, ..., z, are pseudo-orthogonal and O is the
origin. We say that the coordinate axes x4, ..., x,_, are space-like and the axes x,,_p41,..., %,
are time-like. We call a point x € R} space-like (time-like, light-like respectively) if its position
vector T = O is such a one. There are two possible ways, how to define space-like curve
(time-like and light-like respectively). A curve p : I — R is called space-like if the tangent
vector p(t) is space-like for each ¢ € I. There is an alternative definition of the space-like curve.
A curve p(t) is space-like if it contains only space-like points, i.e. p(t) = Op(t) is space-like
vector for every ¢ € I. We will use the second definition.

Bézier curve in Minkowski space of degree n is the polynomial map b : [0,1] — R?
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Fig. 1. The location of the plane p and consequently the shape of conic section depends on the position
of the point C'

that b(t) = > o B"(t)b; for t € [0,1]. Points b; € R} are called control points,
Br(t) = (7)1 —t)" "t fori € {0,...,n} are Bernstein polynomials of degree n. The
Bézier curve b(t) always passes through the first and the last control point and lies within the
convex hull of its control points. Bézier curves are invariant under affine transformations, but

not invariant under all projective transformations.

3. Space-like conditions

Let us consider a Minkowski space R? and a quadratic Bézier curve with control points
A, C,B in this order, denoted by bacp (t). In order a Bézier curve to be space-like, each of its
points have to be space-like. Let the points A = [ay, as, as] and B = [by, by, b3] be fixed. Hence,
we have necessary and sufficient conditions

al+a3—a; >0, (1)
b+ b5 —b3>0. )

We are looking for the set of all such points C' that the Bézier curve bcp (t) is space-
like.

Since a quadratic Bézier curve is a part of a parabola, it lies in some plane p given by
p=A+1tv+ sw for t,s € R, where the vector 7 = AB and an unknown vector @ = AC'. As
the position of the point C' changes, the plane p is rotates about the axis jﬁ . The intersection
of the light-cone () and the plane p is a conic section K (see fig. 1. ).

The space-like Bézier curve bacp (1) lies outside of the light-cone (), hence outside of
conic section K in the plane p. We solve it in the plane p for each type of conic section and the
planar results can be complete to the spatial result.

Let S,(O, x,y) be a pseudo-cartesian coordinate system in the plane p. Let A = [a,, a,],
C = [¢g, ¢y a B = [by, by] be coordinates of the control points in .S,(O, z, y). The conic section
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K = {[z,y] € R? : kax? + 2kpxy + koy® + 2kpx + 2kgy + kr = 0}. In appropriate cases,
we consider the equation of the conic section.

4. Domain of admissible middle control points

Let V be a set of points C' such that the curve bscp is space-like. Then, we say that V'
is a set of admissible solutions.

We say that the set D C K is the set of points of contact if for any point
X = [xo,y0] € D there is a point C' such that bycp(t) N K = M, where X € M is a
point of contact of order 2 and the set M contains only points of contact of order 2. The set
M contains at most two elements, since two different quadratic curves may have at most two
common points of contact of order 2.

We say that bacp (t) touches K from the outside (inside), if bacp (t) and K are (not)
separated by their common tangent up to the point of contact. Then, the point of contact is
called exterior (interior) point of contact. The set of all exterior (interior) points of contact is
denoted D,,; (D;,). The set of points of contact D = D,,; U D;, for the circle and ellipse K
was described in the works [3] and [4].

The following propositions describes the set of points of contact for the parabola
K = {[z,y] € R? : 22 — y = 0}. From the space-like points A, B, we can construct tan-
gent lines to K, two from each. Let us denote one of them ¢. The tangent line ¢ divides the
plane p into two half-planes H,", H, . We call the tangent line ¢ separating (denoted by t.,), if
the conic section K and the segment AB lie in different half-planes with respect to the tangent
t,i.e. K € H;f and AB € H, , see figure 3. .

Lemma 1. Let A, B be two different space-like points, such that the line j@ is not tangent to
K. Then among all tangents from A and B to K, there are two separating.

We can easily proove the lemma by analyzing the position of the point A in the areas
numbered by 1,2,3,4 in the figure 2. .

Theorem 2 (Set of exterior points of contact). Let A, B be space-like such that line f@ is
not tangent to K. The set of exterior points of contact D, # 0 if and only if the segment
ABN K = (. The set D,,; consists of a continuous arc T\T, on K, where points Ty, T are

points of contact for separating tangent lines tqep1, tsepo from the points A, B (see fig. 3. ). The
points Ty, Ty & D,y

The theorem says that the set of the exterior points of contact is not empty for the points
A, B such that line AB is not tangent to K if and only if the point A lies in one of the areas
1,2,3,4 in the figure 2. .

We say that bacp (t) has double contact, if it has with K two points of contact of order 2.
The line j@ divides the plane p into two half-planes, the open half-plane /1, 5, and the closed
half-plane H},; such that j@ C HJg. Let us divide tangent lines from A, B into two pairs
t],t3 and ¢, t; such that the relevant points of contact 7,”~ = "~ N K,i = 1,2 lie in the
same half-plane 77", € Hzand Ty, € H . Ift7 Nty = P € H, then we say that tangents
1,13 converge, see figure 3. . If P € H,p, then we say they diverge. The same definition
holds for the pair ¢; , ¢, and for separating (or not) tangent lines in the case of AB N K = ().
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Fig. 2. If line j@) is not tangent to the conic K, then space-like A can lie only in one of the areas 1,...,6
designated by the tangent lines ¢1 5, to 5 from the space-like point B to the conic K

Let us divide the set D,, into the interior points of contact which are located in the half-plane
H 7, (resp. H,p) denoted by D} (resp. D;,). There holds D;,, = D} U D;,.

Theorem 3 (Set of interior points of contact). Let A, B be two different space-like points such
that the line jﬁ is not tangent to K.

a) Assume that AB N K = (). If non separating tangent lines t,t, converge, then the set of
interior points of contact Dy, # (.

b) Assume that AB N K # (). If the pair of tangents t,t; converge, then the set D} # (). The
same holds for the pair t ,t, and the set D,,.

The theorem says when the set of interior points of contact is not empty for A, B such

that the line jﬁ is not tangent to K. In the case a) we consider A lies in one of the areas 1,2,3,4
in the figure 2. , in the case b) in one of the areas 5,6.

Hypothesis 1. In the theorem 3 propositions a), b) hold vice versa for D, # 0. Then, let t,,t,
be a pair of not separate tangents or let the tangents lie in the H | half-plane or H half-
plane. Let t1,t, converge. If there exists a point C' such that C' and P = t, Nty lie in the same

half-plane with respect to the %1 I o and bacp is double contact, then let us denote the relevant
14 P
points of contact Uy, Uy. The set of interior points of contact (D;, or D} or D) is either the

continuous arc T\'T5 on K or the union of the arcs TYU, U UsTs. The points T, T5 are not in
the set of the interior points of contact.

If D;, contains a set {T7U; U UsT,}, we will mark this union of two continuous arcs
by forn arc. Later, we will see that the union of these two arcs will have the same properties
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t ty)

(b)

Fig. 3. (a) The set D =T7T5 consists of one continuous arc of the exterior points of contact

(b) The set D =T'T5 consists of one arc of the interior points of contact

as a continuous arc of interior touches 7775. So this torn is just apparent and this union has
structural properties for our use as a continuous arc.

Theorem 4 (Set of points of contact). Let K be the conic section and two different space-like
points A, B be such that the line ﬁ is not tangent to K. Then, the set of the points of contact
D is either one arc of the exterior points of contact or one arc of interior points of contact. The
arc of the interior points of contact may be torn.

Proof. If the point A lies in one of the areas 1, 2, 3, 4 in figure 2. , we have ABN K = (). Then,

the pair of separate tangents determine a set of the exterior points of contact D,,, =T17T5. The
set of interior points of contact D;,, = () because of the pair of not separate tangents diverge. So
the D consists of one continuous arc of the exterior points of contact, see fig. 3. a.

If ABN K # (), the point A lies in one of the areas 5, 6 in the figure 2. . Then parabola
is unbounded in the one half-plane H;, and bounded in the H,. Tangents corresponding
to half-plane H ,; always diverge, so there are no interior points of contact. In the half-plane

Hj{B tagents converge, so the D;, =TT or its torn version. Using the theorem 2, there are
no exterior points of contact. Finally, the set D consists of one arc of interior points of contact
which may be torn, see fig. 3. b. [l
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For the given points A, B, X € D C K and the tangent line ¢ at X to K, the Bézier
curves touching the conic section K are clearly identified. To find the middle control vertex C,
we use the following map o, called boundary map.

Theorem 5. Let K be conic section and the two different space-like points A, B be such that line
z@ is not tangent to K. Let X = [xq,yo] € D. Then the relevant boundary map o : D — R?
has the form

O‘(X) _ b(tO) - Bogg)(i)_ BQ (tO)B ) (3)

where t € [0,1] is a solution of the equation

0= aty + Bto+7 4)
and
a=2(a, —ap)
2kA 2]€B /ﬁ Zo
522(370 Yo 1) 2/€B 2kC kg Yo
k1 ko k3 1
__s
Y 5
where
k?A kB k’D i
= (a, ay 0)| kp ke kg Yo
kp kg kg 1
k’A k’B k‘D i
ay=(b, b, 0)| kg ke kg Yo
kp kg kr 1
_ax
klz(kA kB ]{ID) —Qy
1
_a/m
k’QZ(/{ZB kZC ]{ZE) —Qy
1
—a,
]{3:2(]€D ]{JE k?F> —Qy
0

The proof can be found in [4]. For every point X € K there exists at most one point
C' such that X is the common point of contact of order 2 for the Bézier curve bacp(t) and
K, so the boundary map is well-defined. The range of values of o consists of one continuous
unbounded curve 0V with degree at most four. The boundary map o is injective for the points
U; . The curve 0V divides the plane into two regions Wy, Wy, and one of them is the set of
acceptable solution V. The following theorem says which one.

109



PROCEEDINGS OF SYMPOSIUM ON COMPUTER GEOMETRY SCG’2011, VOLUME 20
pp- 104-110

Theorem 6. Let A, B be two different space-like points, the set D be their set of points of
contact and o generates for them the curve OV. Let OV divide the plane into two regions

Wy, Wo. If D = Doy, then W; C V if A,B € Wi. If D = Dy, then W; C V if A, B & W..

The proof can be found in [4]. Finally, for the two space-like points A, B and the conic
K the set of acceptable solutions V' consists of one region.

4.1. Special cases

In the text above, we considered the point A lying in one of the areas 1,...,6 in the
figure 2. . We left out the case 1B to be tangent to K, i.e. ABNEK = {T}. We can not

map 71" by o, because there are many points C' (they form a half-line on f@) such that 7" is
the common point of contact of order 2 for the Bézier curve bycp(t) and K. In this case,
the arc D is determined by tangent line through 7'. This line replaces in above situations (in
theorems 2, 3) either one of the converging or one of the separating lines. Then we have to

change D by D \ {T'} in the theorem 6. So the curve 0V contains a part of the line 1B for the

case T' ¢ AB, for the case T € AB is 0V = AB. If A = B the OV contains the parts of the
tangents from this point to .

5. Conclusion

We described an area of all such points C' that a quadratic Bézier curve with control
points A, C', B is space-like on condition the plane generated by A, C, B cuts the light cone ()
in a parabola. This work covers one of the cases omitted in work [4]. The characterization is
described via method of contact point and all the results mentioned above are proven either this
paper or in [4].

When the case of hyperbolic intersection of the light cone and the plane p will be solved,
then the case of quadratic space-like curves will be covered.
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